Background
The theme of this conference is "Unity and Diversity in Mathematics." The diversity is evident in the many topics covered. Reviewing Smale's work in differential topology will reveal important themes that pervade much of his work in other topics, and thus exhibit an unexpected unity in seemingly diverse subjects.
Before discussing his work, it is interesting to review the status of differential topology in the middle 1950s, when Smale began his graduate study.
The full history of topology has yet to be written (see, however, Pont [52], Dieudonne [8]). Whereas differentiable manifolds can be traced back to the smooth curves and surfaces studied in ancient Greece, the modern theory of both manifolds and algebraic topology begins with Betti's 1871 paper [4] . Betti defines "spaces" as subsets of Euclidean spaces define by equalities and inequalities on smooth functions.! Important improvements in Betti's treatment were made by Poincare in 1895. His definition of manifold describes what we call a real analytic submanifold of Euclidean space; but it is clear from his examples, such as manifolds obtained by identifying faces of polyhedra, that he had in mind abstract manifolds. 2 Curiously, Poincare's "homeomorphisme" means a C! diffeomorphism. Abstract smooth manifolds in the modern sense-described in terms of coordinate systems-were defined (for the two-dimensional case) by Weyl [73] in his 1913 book on Riemann surfaces.
Despite these well-known works, at mid-century there were few studies of the global geometrical structure of smooth manifolds. The subject had not yet been named. 3 Most topologists were not at all interested in smooth maps. The "topology of manifolds" was a central topic, and the name of an important book by Ray Wilder, but it dealt only with algebraic and point-set topology. Steenrod's important book The Topology of Fibre Bundles was published in 1956. The de Rham theorems were of more interest to differential geometers than to topologists, and Morse theory was considered part of analysis.
A great deal was known about algebraic topology. Many useful tools had been invented for studying homotopy invariants of CW complexes and their mappings (Eilenberg-MacLane spaces, Serre's spectral sequences, Postnikov invariants, Steenrod's algebras of cohomology operations, etc.) Moreover, there was considerable knowledge of nonsmooth manifolds-or more accurately, manifolds that were not assumed to be smooth, such as combinatorial manifolds, homology manifolds, and so forth. Important results include Moise's theory of triangulations of 3-manifolds, Reidemeister's torsion classification of lens spaces, Bing's work on wild and tame embeddings and decompositions, and "pathology" such as the Alexander horned sphere and Antoine's Necklace (a Cantor set in R3 whose complement is not simply connected). The deeper significance of many of these theories emerged later, in the light of the h-cobordism theorem and its implications.
A great deal was known about 3-dimensional manifolds, beginning with Poincare's examples and Heegard's decomposition theory of 1898. The latter is especially important for understanding Smale's work, because it is the origin of the theory of handle body decompositions.
The deepest results known about manifolds were the duality theorems of Poincare, Alexander, and Lefschetz; H. Hopf's theorem that the indices of singularities of a vector field on a manifold add up to the Euler characteristic; de Rham's isomorphism between singular real cohomology and the cohomology of exterior differential forms; Chern's generalized Gauss-Bonnet formula; the foliation theories of Reeb and Haefliger; theories of fiber bundles and characteristic classes due to Pontryagin, Stiefel, Whitney, and Chern, with further developments by Steenrod, Weil, Spanier, Hirzebruch, Wu, Thorn, and others; Rohlin's index theorem for 4-dimensional manifolds; Henry Whitehead's little-known theory of simple homotopy types; Wilder's work on generalized manifolds; P.A. Smith's theory of fixed points of cyclic group actions. Most relevant to Smale's work was M. Morse's calculus of variations in the large, Thorn's theory of cobordism and transversality, and Whitney's studies of immersions, embeddings, and other kinds of smooth maps.
